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Abstract 

Here we construct N=4 SuperYang-Mills 6 point NMHV loop amplitude (amplitudes with three 
minus helicities) as a full superspace form, using the S'C/(4)r anti-commuting spinor variables. 
Amplitudes with different external particle and cyclic helicity ordering are then just a particular 
expansion of this fermionic variable. We've verified this by explicit expansion obtaining amplitudes 
with two gluinos calculated before. We give results for all gluino A(A~A~A~A'''A"*"A"'')and all 
scalar A((/>(/)(/>(/)(/>(/))scattering amplitudes. A discussion of using MHV vertex approach to obtain 
these amplitudes are given, which implies a possible simplification for general loop amplitudes. 
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l.INTRODUCTION 

N=4 Super Yang-Mills one loop amplitudes have the special property of being cut con- 
structible [1][2], that is they are uniquely determined by their unitary cuts. It was shown 
in [1] that loop amplitudes can be written as a combination of scalar box integrals (for 
definition of the scalar box integral and scalar box function see appendix for [1]) with ratio- 
nal coefficients. Therefore the calculation of one loop amplitude is reduced to determining 
the coefficients in front of these box integrals, which is done by analyzing the cuts of the 
amplitude and matching them with the cuts of the scalar box integrals. Unfortunately com- 
plication arises from the fact that some of the cuts are shared by more than one box integral. 
This was dramatically simplified in [3] by using generalized unitarity (quadruple cuts) cuts 
[4] to analyze the leading singularities which turns out to be unique in the box integrals. 

Recently [5] it was shown by using Supersymmetric Ward Identity (SWI)[6] one can derive 
N = 4 SYM NMHV 6 point tree and loop amplitudes with gluinos or scalars from their pure 
gluonic partners. Since SWI corresponds to a transformation in superspace, one would guess 
this implies the existence of a full superspace amplitude while amplitudes with different 
external particle species are considered as different component of the superspace expansion. 
The simplest superspace amplitude was the MHV and MHV tree amplitude written down 
by Nair [7]. Since the work by Witten [8] which showed that perturbative N=4 SYM is 
dual to a particular string theory with super-twistor space as its target space, various new 
techniques have been developed to calculate N=4 SYM amplitudes more efficiently [9] [10]. 
The MHV vertex construction [10], which uses MHV vertices as the basic building block 
of the scattering amplitudes, provides a convenient method to construct the amplitudes in 
superspace form. This was done for the NMHV tree amplitude in [11]. At loop level the 
valedictory of MHV vertex approach was proven to give the same result as that in field theory 
in [12] for MHV loop amplitudes, and [13] reproduces the relationship between the color 
leading amplitudes and sub-leading amplitudes. At this point it is natural to continue with 
MHV vertices to compute NMHV loop which would require three MHV vertices connected by 
three propagators, and this should give the full superspace form of the NMHV loop. At this 
point it is not clear how the correct scalar box functions [1] should arise in this formalism. 
One of the complication is for more than two fermionic delta functions (there is one for each 
MHV vertex), after the expansion in superspace there will be multiple spinor products that 
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contain the off shell continuation spinor of the propagator, which takes different form with 
different external particle specie. Since these spinor products should be integrated over, 
the integrand for the gluonic amplitudes will be dramatically different from the ones with 
gluinos, implying one can only derive the box functions from the superspace expansion one 
term at a time and not in the original superspace full form. 

In [5] the SWI identities were not used directly upon the coefficients in front of the 
box integrals for the gluonic amplitude, but rather the coefficients in front of a particular 
combination of box integrals, which originated from the three different cut channels [2] . To 
realize the superspace amplitude all one needs to observe is that for the six point amplitude 
the three channels from which the cuts were computed, the tree graphs on either side of 
the cuts always come in MHV and MHV pair. Since MHV and MHV tree can be written 
straight forwardly in superspace form, one naturally derives the six point one loop NMHV 
amplitude for all helicity configuration and external species as one superspace amplitude 
by fusing the two tree amplitude. In the following we present the amplitude in its full 
superspace form and confirm our result by explicitly expanding out the terms that give the 
correct amplitudes with two gluino obtained in [5] . We will also give a brief demonstration 
of how one could obtain the field theory result for the loop amplitude from the MHV vertex 
approach (CSW) [10]. 



2. THE CONSTRUCTION 



The n point MHV and MHV tree level amplitudes have a remarkable simple form. For 
MHV tree [7]: 



where 



as for MHV tree: 



n -| 4 n 6 

s'ii: >^^vf) = ^7 IKE >^tvf)ii: \.vt) (2) 



2 

i=l ^ A=l 1=1 i=l 



Here we've omitted the energy momentum conserving delta function and the group theory 
factor. After expansion in the fermionic parameters rjf, one can obtain MHV amplitudes 
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with different helicity ordering (+H ,H 1 ...etc) and different particle content. 

We proceed to construct tlie full N=4 SYM NMHV 1-loop six point amplitudes by fol- 
lowing the original gluonic calculation [2], where the amplitude was computed from the cuts 
of the three channels ^123 ^234 ^345 (^jjfc = + kj + kiY), except now the tree amplitudes 
across the cuts are written in supersymmetric form. We find that the propagator momentum 
integrals from which the various scalar box functions arise are the same for different external 
particles. Thus with the gluon amplitude already computed all we need to do is extract away 
the part of the gluon coefficient that came from the expansion of the two fermionic delta 
function, the remaining pre factor will be universal and has its origin from the denominator 
of eq.(l) and (3). The N=4 SYM 6 point NMHV loop amplitude for the gluonic case was 
given [2] as 

A{...r i-...)ioop = cr[B,wP + B^WP + B.W^] (4) 

where Wq^ contains particular combination of the two-mass-hard and one-mass box functions 
[1] . The full 6 point NMHV loop amplitude for any given set of external particle and helicity 
ordering are then given with the following coefficients : 
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where we define : 



and 



^° ^[12][23] < 45 >< 56 >< l|Js:i23|4 >< 3|/fi23|6 > 



B+ = Bo\j^j+i B_ = Bo\j^j_i (9) 




FIG. 1: Here we show for a particular case of the gluonic NMHV loop amplitude, different as- 
signment of helicity for the propagators will change the MHV or MHV nature of each vertex. In 
the upper graph the propagators has the same helicity on each vertex while in the lower they are 
opposite. This result in a MHV vertex on the left for the upper graph and an MHV vertex on the 
left for the lower graph. In practice one has to sum these two possibilities which is the reason we 
have two terms in eq.(5)-(7) 

with < A\Kijk\B >= [Ai]{iB) + [Aj]{jB) + [Ak]{kB). Each coefficient is expressed in two 
terms, this corresponds to the assignment of hehcity for the propagators h and I2 which 
for specific assignments will reverse the MHV and MHV nature of the two tree amplitude 
across the cut (fig-1). The presence of the loop momenta seems perplexing at this point since 
all loop momenta should have been integrated out to give the box functions. As we will 
see on a case by case basis this comes as a blessing. The actual expansion for a particular 
set of helicity ordering and external particles contains multiple terms, the presence of loop 
momentum forces one to regroup the terms such that the loop momentum forms kinematic 
invariants, it is after this regrouping that one obtains previous known results. 

The amplitudes for different external particles are computed as an expansion in the 
'SU{4:)ji anti-commuting fermionic variables r]. Choosing particular combinations following 
[14] 

= vlrj^vfvt, <Pt'' = vfvf, = -vMvt, A?- = -vlvfvt (10) 



A?- = -Vlvfril, At = -vlrivf, = vf, 9t = 1 

The superscript represents which flavor the particle carries, in the N=4 multiplet there are 
four gluinos and six scalars. Corresponding combination in the rj follows: 

-vIViVf (11) 

= 1 

Thus a particular term in the expansion corresponds to a particular assignment of the 
fermionic variables to the external particle and results in an amplitude with a particular 
set of external particle specie and helicity ordering. In the next two section we show by 
expanding eq.(5),(6),(7) and following the above dictionary one can recover the amplitudes 
containing two same color gluino with different helicity ordering computed in [5]. 

2.1 Bi Coefficient =^ ^123 cut 

First we look at the ti23 cut which correspond to the Bi coefficient. For the purely gluonic 
amplitude A{g^g2g2\gt9t9t) ("^^ ^^e a bar to indicate the cut ), we have only one particle 
assignment for the loop propagators: 

li = g^,l2 = g^ (12) 

Here the assignment of helicity is labelled with respect to the MHV vertex. Therefore we 
get only contribution from the first term in eq.(5), the expansion from the delta function 
gives {hl2)^[hk]^ = (^1 — h)^ = ^123 and therefore Bi = ^123 -Bo which matches eq.(5.4) in [5]. 

For the two gluino amplitudes first we look at A{Ai g2 g^ \Af g^ g^) from the delta function 
expansion the we have helicity assignments : 

li = h = 1 +( exchage between li and I2 ) 

Again only the first term in eq.(5) gives contribution : 

m'ihkfmWA) - [1/2](M)) = t?23(l|^123|4) (14) 

Note that only when the external gluino carry the same flavor will this term contribute. 
Since in [5] the two gluino amplitude was derived using N=l SWI, the two gluinos carry the 

6 



gt = vIvMvf, (Pt"" = v?v?, ^t = -vfvivf, ^t = 

A'+ = -vlvfvt, Af+ = Af- = r^, 



(13) 



same flavor. Thus we have 

B^{K7g.g7AK+g+gt) = z^^— ^123(1|-^123|4) ^ ^ 

u iy2y3i 4^5^6 7 [12][23] < 45 >< 56 >< l|iri23|4 >< 3|Ki23|6 > ^ ' 

This is exactly the result of [5]. Other non-cyclic permutations of two gluino amplitude 
calculated in [5] at this cut do not change the assignment of the propagators thus the 
amplitude remains the same form apart from the labelling of the position of the two gluinos. 



2.2 ^2 Coefficient =^t234 cut 

For this cut with different helicity assignment of the propagators, contribution can arise 
from both terms. Propagators with the same helicities (here we mean they are both plus 
or minus regardless of the specie) get its contribution from one term while the rest from 
the other, this is why B2 was split in two terms in the original computation of the gluon 
amplitude [2]. We deal with the same helicity first since there is only one way of assigning 
propagators. 

B2{,K\92 9?^^t\9tgt)sa7neheUcity = sluce there is no way of assigning same hehcity par- 
ticles to the propagators. 

For B2{gi\A2g3At\ dt) samehelicity WG have 

h = 9' l2 = 9~ (16) 

this receives contribution from the second term in eq.(6) which is (23)'^ (43) [56]'^ thus giving 

/23\3/43\r5gi4 

B2{g^\A2gs^t\9t9^)sameheHcitv = C ' )^+ (17) 

^234 

For B2{gi \A2 gs gt IK 96) sameheiicity we have 

/i = g^ h = , + {exchange between li, I2) (18) 
This gives contribution (23)3[56]3((3/i)[;i6] - (3/2) [/26]) = (23)3[56]^(3|/s:234|6) giving 

Bia^\k~a~a^\k^a^\ _ ^ (23) ^[56] ^(3 17^^234 1 6) t ^.g^ 

^2\9l 9i 9a 96 ) samehelicity — \ \^^) 

t234 

Now we move to configurations with different helicity. For B2{Ai\g2 g^ AX\gt gt)Dif f Helicity 
we have : 

li = I2 = 9~ Ji = A'^ h = 4> ,+ {exchange between li, I2) (20) 



For fix flavored A4' and we have to sum up all possible flavors for the internal gluino. 
This gives a contribution of 

m'ilMWihk) - 3[hl2]M[h4]'{hl2){l2l){hl)' (21) 
+3[;i/2][/l4][M]'(/l/2)(/ll)(/2l)' 
-[l/2]'[/l/2](4/2)'(/l/2) = tl23((l|/l - /2|4))^ = tl23 (1 1^^123 |4)=^ 



Therefore 



-S2(Ai 15^2 93 Al\g^g'^)DiffHelicity — ^ ' J^^' -B+ (22) 



^123 



For 52(5-1 1^2 5'3 K\9t9t)DiffHeiicity we have: 

li = g~ I2 = , h = I2 = A~ ,li = (j)l2 = (p, + [exchange between li, I2) (23) 

Here whether or not A4" and Aj" carry the same flavor will effect the number of ways one 
can assign flavor to the internal gluino and scalar. For the same flavor we have 

- ([4/i](/il) - [4/2](/2l))'([2;i](/ll) - [2;2](/2l)) = -((4|i^234|l))'((2|K234|l)) (24) 

Thus 

B2{9~A^2 93K\9t9t)D.ffHeU.Uy = ( " ( (^l ^234 1 1 ) )^ ( (2 1 K234 1 1 ) ) ^ (^5) 

^234 

For B2i9i\A2g3gt\Atg^)Diffheiicity we have : 

h = g~ I2 = A"^ , li = A" I2 = (/) , + {exchange between /i, I2) (26) 

This gives contribution : 

- (l/i)3(15)[/i4]3[42] +3(l/i)^[/i4]2(l/2)[M][42](15) (27) 
-3(l/2)'[/24]'(l/i)[/i4][42](15) + (l/i)=^(15)[M]=^[42] 

= -((4|K234|l))=^[42](15) 

Thus 

B2ig^\A^g^gt\Atgt)n.ff.eu.uy = ziMH^^imM^^ (28) 

^234 

Adding eq.(17),(19),(22),(25) and (28) together gives the B2 coefficient of the gluino anti- 
gluino pair amplitudes computed in [5]. Coefficients for the next cut can be calculated in 
similar way, we've checked it gives the same result as that derived in [5]. 
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It is straight forward to compute amplitudes that involve more than one pair of gluino 
or scalar. The new amplitudes are : 

A{g-g+A+A-A-A+) , A{g- g+ cfxPcfxj)) , A{(j)(j)(j)(j)(j)(j)) A(A-A-A-A+A+A+) , (29) 
A(A~A+0000) , A(A"A"A+A+00) ,A{A-A-^(j)g~g+g^) 

Complication arises for these amplitudes because non-gluon particles carry less superspace 
variables and increase the amount of spinor combination. Luckily with the specification of 
the flavor for the external particles, the propagators are restricted to take certain species. 
This is discussed in detail in the next section where we calculate the all gluino and all scalar 
amplitude. 

3. AMPLITUDES WITH ALL GLUINOS AND ALL SCALARS 

Here we present N=4 SYM NMHV loop amplitudes with all gluino and all scalars. These 
amplitudes were derived from explicit expansion of eq.(5)-(7). Since scalars and gluinos 
carry less fermionic parameters as seen in eq.(10)(ll), the spinor product that arises from 
the fermionic delta function becomes complicated. The final coefficient should not contain 
the off shell propagator spinor, thus one can use this as a guideline to group the spinor 
products to form kinematic invariant terms. With specific fiavors this also restrict the 
possible species for propagators. 

3.1 A(A/+Af+A3^+Af-Af-Af-) 

For the six gluino amplitude we look at amplitudes with all three positive helicity gluino 
carrying different flavor. The negative helicities also carry different flavor and is the same 
set as the positive. For tus the flavors of the internal particles are uniquely determined. 

li = A~ I2 = g'^ , h = A^ I2 = (/) , +exchange (30) 

This gives 

5i(A/+A|+A3^+|Ai-A|-Af ) = ((l|Ki23|5)(2|Ki23|6)(3|Ki23|4) (31) 

+ (l|i^'l23|4)(2|Ki23|5)(3|A'l23|6) + (l|Ki23|6)(2|Ki23|4)(3|Ki23|5))5^ 
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Next we look at ^345 cut. The propagator assignment with same hehcity (the definition of 
same or different hehcity again foUows that of the previous paragraph ) would be : 

/i = g~ I2 = h~ , +exchange propagator (32) 

this gives 

Bs{A}+A^\Al+AtAt\A^~)sameHeUcity = (45) ^ [12]2{ (34) [6 1] (5 1 A'345 1 2) (33) 
+(34)[62](5|ir345|l) + (35)[61](4|K345|2) + (35)[62](4|K345|l)}5l 

There are two ways of assigning different helicity propagators 

li = g^ I2 = A^ , orli = A^ I2 = (p , + exchange (34) 

Note however for the present set of flavors, there is no consistent way of assigning flavors 
when the propagators are a gluon and a gluino. Thus we are left with the gluino scalar 
possibility with it's flavor uniquely determined. 

B,{A}+A^+\A^+Ai~At\A^-)D^ffHelic^ty = ( 16) (62) [43] [35] (6 1 A'345 1 3)^3455^ (35) 

Luckily there is no need to compute B2 coefficients since it is related to B3 by symmetry. 

3.2 A((/)l(/)2</'3</'4</'5</'6) 

The power of deriving amplitudes from a superspace expansion is that one can rule out 
certain amplitudes just by inspection. Amplitudes with more than two scalars carrying the 
same color vanishes since there is no way of assigning the correct fermionic variables. Here 
we look at six scalar amplitude all carrying different flavor. This should be the simplest 
amplitude since the flavor carried by the internal particle is uniquely determined. We give 
the result for cut ti23 while the other cuts are related by symmetry. 

Bi{cPi(j)2(p3M5(p6) = {((12)[56](3|Ki23|4) + (12)[64](3|iri23|5) + (12) [45] (3|i^i23|6) (36) 

+ (31)[56](2|/vi23|4) + (31)[64](2|iCi23|5) + (31) [45] (2|A'i23|6) 
+ (23)[56](l|Ki23|4) + (23)[64](l[Ki23|5) + (23)[45](l[Ki23|6))'}So 

+complex conjugate. 
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FIG. 2: MHV diagrams for NMHV loop amplitude, includes the one-particle-irreducible and one- 
particle-reducible graph. The mjS label external momenta that are adjacent to the propagator. 
For the first graph we need to integrate over all three propagators, while only L2 are integrated 
in the second. One also needs to sum over all possible ways of assigning external momenta to the 
vertices 

4. A BRIEF DISCUSSION ON THE MHV VERTEX APPROACH 

As discussed in the introduction, the straight forward way to compute amplitudes in 
superspace is the generalization of the MHV vertex [10] approach. It is also of conceptual 
interest to see if this approach actually works for the NMHV loop amplitude. Here we give 
a brief discussion of the extension. 

The MHV vertex approach was shown to be successful [12] in constructing the n point 
MHV loop amplitude. This is partly due to the similarity between the cut diagrams [1] 
originally used to compute the amplitude and the MHV vertex diagram, so that one can 
use a dispersion type integral to reconstruct the box functions from it's discontinuity across 
the branch cut. For the NMHV loop amplitude, one requires three propagator for the three 
MHV vertex one-particle-irreducible(lPl) diagram and two propagators for the one-particle- 
reducible (1 PR) diagram (fig-2)[13]. We would then encounter the following integration: 



11 



/ ^^^5(P„ + L,- L,)5{Pp + L3 - L,)6{P, + Li - L,) (37) 

J ±J^ Ljo -L/q 



^^=l(^^ + l)^ L, ^3 



.8 ,8 5^(61)58(0^)58(0^) (^^^^ ^ 1) (mimi + 1) (mams + 1) 



/ ^^5{P^ + L3 - L2)5(P;3 + L2 + Li - L3) / d\,d\,S 



5(Li - P^) f d^L2 d^L^ 

■'2 -^3 

58(61)58(92)58(63) (mams + l)(mimi + I)(m3m3 + I)(m4m4 + 1) 
Li{hl2Y {mik) {hmi+i) {hm2 + I) {m2h) {hm^. + 1) {nish) {liui^ + l)(m4/i) 

where for the first term 

61 = ^ ijiXi + kiji^ - /3?7i3 (38) 

i=a 
i=l3 

63 = 51 ^i-^i + hVh - hVh 

for the second term 

61 = r]iXi - kVh + hVh (39) 

i=a 

©2 = 51 Vi^i + ^l^'i + ^2'7«2 - ^3% 
63 = 5I^i^i - hVh 

Q!/37 labels the external momenta assigned to the three MHV vertex and the /^s are the off 
shell continuation spinor following the CSW prescription [10]. We can reorganize the delta 
functions to reproduce the overall momentum conservation. For the first term in eq. (37) we 
have 

5{Po,+p+,)6{Pp+, + L3 - L2)6{P, + Li - L2) (40) 

For the second term 

5(P„+^+^)5(P, + L2- L3) (41) 

If we integrate the last delta function away in the first term and combine with the IPR 
graphs, it is equivalent to using two MHV vertex to construct NMHV tree amplitude on 
one side of the two remaining propagator, namely this combines vertex 7 and /5 through 
propagator Li. To see this note that the momentum conserving delta function forces Li 
propagator to carry the correct momentum as it would for the CSW method and the -pr- is 
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present in the integral measure in the first place. This would obviously affect the off shell 
spinor in the following way. 

k = L,fj ^ (L2 - P,)v (42) 

This simply fixes the off shell spinor to be computed from the correct momentum as the CSW 
method. Thus we have come to a two propagator integral with two tree level amplitude on 
both side constructed from the CSW method. This is exactly the picture one would have if 
one apply the standard cut, except the propagators are off shell instead of on shell. For higher 
number of MHV vertices this can be applied straight forward, by integrating the momentum 
conserving propagator one at a time one can reduce the number of propagators until one 
arrive at the standard cut picture. As shown in [12] one can then proceed to recast the 
two propagator integral into a dispersion integral which computes the discontinuity across 
the cut of the integrand, by using the cut constructibility of N=4 SYM loop amplitudes, 
one can reconstruct the box function and it's coefficient. However there is one subtlety. 
In the original standard cut one has to analyze every cut channel, and then disentangle 
the information since more than one box integral share the same cuts. If we follow the 
CSW prescription we can always reduce the loop diagrams down to two propagator one 
loop diagrams with a MHV vertex on one side of the two propagators. Thus this implies if 
the CSW approach is valid at one loop, then the full loop amplitude should be able to be 
reconstructed from the cuts of a subgroup of two propagator diagrams which always have a 
MHV vertex on one side of the cut. 

This construction makes the connection between MHV vertex and MHV loop amplitude 
more transparent. MHV loop are just the parity transformation of the MHV loop, where 
one simply take the complex conjugate of the MHV loop: 

n [n/2]-l 

A{MHV)ioop = A{MHV)treeY: E ( 1 " ^'^f , r) F^^^ (43) 

i=l r=l ^ 

It's derivation from MHV vertex is as follows. In [15] it was shown that using MHV ver- 
tices one can reconstruct the MHV tree amplitude in it's complex conjugate spinor form. 
Since by integrating out one loop propagator corresponds to using MHV vertex to construct 
NMHV tree amplitude, one can proceed in a specific manner to reduce the number of loop 
propagators down to two with two MHV tree on both side. Since from [15] the two MHV 
tree amplitudes on both side is expressed in complex conjugate form, following exactly the 
same lines in [12] one can reproduce eq.(43). 
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5. CONCLUSION 



In this paper we constructed the 6 point NMHV loop amphtude for N=4 SuperYang-Mills 
in a compact form using its cut constructible nature. The expansion with respect to the 
fermionic parameter gives amphtudes with different particle content and helicity ordering. 
To extend further to higher point NMHV loops one may have to resolve to the MHV vertex 
approach since the tree level amplitudes on both side of the cut in general will not be in simple 
MHV and MHV combination. We also give a general discussion on how to proceed with 
the MHV vertex construction for higher than MHV loop(more than two negative helicities). 
The fact that it reproduces the two propagator picture for any one loop diagram combined 
with earlier results that have reproduced the MHV loop [12] and the relationship between 
the leading order and sub leading order amplitudes [13], gives a strong support for the CSW 
approach beyond tree level. 
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